Analytic expressions of potential operators
in circular and spherical geometries

X.Claeys and P.Marchand

This document aims at giving explicit expressions for layer potentials for various classi-
cal equations in circular and spherical geometries. These expressions will then be used to
implement reference solutions in the boundary element library BemTool. More precisely,
these reference solutions will be stored under the form of routines located in the folder
bemtool/miscellaneous/ of the library.

For each considered case, we specify a domain Q C R? with d = 2 or 3, and denote I = 0 its
boundary. We denote v, : H(Q) — HY2(I") the interior Dirichlet trace defined by v, (u) :=
ulr for any v € €°(Q), and vy : HY(A,Q) — H-/2(I) the interior Neumann trace defined
by Yw(u) :== n - Vu|r = O,u|r where n refers to the normal vector field directed toward the
exterior of (2. We define <y, ¢, n,c in the same manner, except that the traces are taken from
the exterior of 2. Finally, we set

{’VD} = (7D + 'YD,C)/Q {/VN} = (7N + 'YN,C)/Z

["YD] = — Ip,e ['YN] =N T Iner

Let us introduce the layer potentials associated to the interior of 2. For any trace v €
HH/2(T),p € H-Y/2(T"), their explicit expression is given by:

SL(p) () = /F (@ — y)p(y)doly),

DL(p)(x) = / n(y) - (V9)(@ — y)p(y)do(y).

(1)

1 Analytic solutions in 2-D

In this section 2 = D C R? is the disc of center 0 and radius r, > 0. For a given point
x = (71, 72) € R?, we shall write (r,6) to refer to its polar coordinates centered at 0,

T1 = 7 Cos b,
To = rsinf.

We shall use Fourier harmonics ¢, (0) := exp(:nf) and write e, (x/|x|) := e,(0). We will only
consider equation that admit rotational symetry (Laplace and Helmholtz equations), which
will at the end of the day implies

/en -v«DL(ep)do = /en - 7«SL(ep)do = 0
r r

for * =D,N, and n # p.
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We shall then deliver explicit expressions for the coefficients [, ¢, - {7:}DL(e,)do and [ €, -
{7+ }SL(e,)do, for arbitrary n € Z, and for * = D, N.

1.1 Laplace equation

In this paragraph, we first consider the Laplace equation Au = 0 in R?\T" with decay condition
at infinity. The Green kernel of this equation is 4(z) := —(27) ! In |x|. Note that, for Laplace
equation in 2D, the behaviour of layer potentials associated to the Fourier harmonics ¢,, with
n = 0 is somewhat special. Let us leave aside this case ate first and consider n € Z\ {0}. The
layer potentials are then given by

i (E’>_|n‘en(£) for x| > 7.

L)@ =] " °
en) () =
e (E’>+|n‘e (i) for |x| <7
2|n| \ 7y "\la| )
and
—1<m>_‘n‘e (1) for |x|>r
2\ r, " || *
DL(ep)(x) =

1 /|| +Inl x
_,_,(7) en(—) for |x| <y

2\ 7, ||

The boundary integral operators are given by
[ & Go)SLead = 72,
[ & tnIPLs e = el
/Fen {7 }DL(e,)do = 0,
/F & Ir}SL(en)do = 0.

For the case n = 0 we have eg(x) = 1. The layer potentials are given by

—reIn(|x|) for |x|>r,
SL(eo) =

—reln(ry)  for |x| <r.
DL(eo) = 1D(:IJ>

and the expression of the corresponding integral operators is easily deduced

/Feo {1 }SL(¢p)do = —27rrf In(r,),
/F % {1 }DL(eq)dor = 0,
/F ¢ {70 DL(eo)do = 47,

/eo {7 }SL(¢p)do = —mry.
r
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1.2 Helmbholtz equation

Here we consider an Helmholtz equation —Au — k?u = 0 with outgoing radiation condition.

The corresponding Green kernel is ¢ (x) = iHél)(/ﬂm\), where Hél)(z) refers to the Hankel
function of order zero and of the first kind, see §10.2 and Formula 10.4.3 in [1]. The layer
potentials admit the expressions

T X
zr*gJW(KT*)Hl(nl|)(/ﬁ;|:l:|)en(—) for |z| > re

||
SL(en)(x) = S—_ .
Wrye— H|n| (k1%) | (K] 2])en (m> for |x| <7y
and "
— KT — H‘%‘) (nr*)J‘n‘(Fa]ac\)en<m> for |z| < s
DL(ep)(x) =

Y 1 X
_mr*iJ(M(/ﬁ;r*)H‘SL‘)(,g]:c|)en m) for |x| > r,

The boundary integral operators are given by
/en{’yD}SL(en)dJ =ar 7T2H‘( I)(/w*)J‘n‘(mr*)
r

/Fen{VN}DL(en)da = —IK T2772H|( |) (HT*)J(nl(HT*)
_ o T ) / (1y

/Fen{’yN}SL(en)da = —I-T*ZH?( H,, (K7s) ) (R74) + H, (k1) Jjn| (Fr) )
_ 2T (1) / (1y

/Fen{'yD}DL(en)dU = _MT*f( H|n| (KT*)J|n|(K,T*) + H|n| (K74) ) (K7) )

1.3 Modified Helmholtz equation

Here we consider a modified Helmholtz equation —Au + k?u = 0 with outgoing radiation
condition. The corresponding Green kernel is &(x) = 5-Ko(x|x|), where Ko(z) refers to the
modified Bessel function of order zero and of the second kind, see §10.25 [1]. We also denote
I, the modified Bessel function of order zero and of the first kind. The layer potentials admit

the expressions

( T
T*K|n|(/<;|m|)l|n|(/<r*)en(H) for |x| > r,
SL(e,)(x) =
x
r*K|n|(/<cr*)I|n|(f<c\a:])en(m) for |z| < re
and -
/ﬁ;?“*[m‘(lﬁ“* K (k]z])e (—) for |x| <y
DL(en)(x) =
—/{T*KW(/W* Iy, (k|z|)e ( ) for |x| > r,
\




The boundary integral operators are given by
Aen{VD}SL(en)da = 27TT2K‘n|(I€T*)I‘n|(I€T‘*)
/Fen{ny}DL(en)da = —2/&27‘3771"”‘(nr*)Kllnl(/{r*)
/Fen{’yN}SL(en)da = +7rik( Ky (k1) I (R74) 4 Ky (570 Iy (R74) )

/Fen{'yD}DL(en)da = —rrim( I|/n|(I€T*)K|n‘(f£T*) + Klln‘(fiT*)I|n|(li’F*) )

Notice that we can check the previous relations formally, using the relation obtained for the
Helmholtz equation with the transformation x — x, and the following relations for z € R
(see Formula 10.27.6 and 10.27.8 in [1]):

n|

™ n
Ko (@) = "L HL) ()

I|n|(a:) = Zi|n|<]|n‘ (1)

2 Analytic solutions in 3-D

In this section Q2 = B C R? is the ball of center 0 and radius p, > 0. For a given point
x = (71,72,23) € R? we shall write (p,0,p) € Ry x [0,7] x [0,27[ to refer to its polar
coordinates centered at 0,

x1 = psind cos p,

T9 = psinfsin p,

x3 = pcosf.
To conduct separation of variables, we use the so-called spherical harmonics Y;"(6, ¢) and

sometimes write Y;"(x/|x|) := Y["(0, ). Here the indices [, m have to satisfy 0 < |m| < [.
For the definition of these functions, we use the convention of the boost: :math library, namely

Y0, p) = \/(l —;71(/2) Eg; 2:;: P} (cos 0) exp(vmyp).

Here the P}"(z) are the associated Legendre functions. With thsis definition, the family (Y;")
forms an orthonormal basis of L2(S?) where S? is the unit sphere. Here again, we consider only
rotation invariant equations (Laplace, Helmholtz and Maxwell), so that the layer potentials
will be diagonalised by the spherical harmonics

/Y}”" - 1:DL(Y?)do = /Y}” - 1:SL(Y{)do = 0
r r
for x =D,N, and (I,m) # (p,q).

2.1 Laplace equation

In this paragraph, we first consider the Laplace equation Au = 0 in R*\I" with decay condition
at infinity. The Green kernel of this equation is ¢ (x) := 1/(4n|x|). The layer potentials are



given by

2lp;1(\;c*])(l+1)an<x) for |a| > p,
2zpi1<‘:*’>+lw<,w‘>
and (

l (@)*(Hl)Ym

SL(Y[")(x) =

E

20+ 1\ py ||

DL(Y")(@) = I+1 /|x|\+ T
ELEY () e
+2l+1<p*> U \jz] or x| <p

The boundary integral operators are given by

3
M Px

Y L(Y™ =
/Fl{’YD}S(l)dU 2711
—=m l(l—|—1)
Y DL(Y™")do = -
¥ P = S

/Ym{ 1SL(Y™)do = — - 7%
R S DT

—m 1 p?
Y DL(Y")do = +~=—=
¥ oI DLOYT e = 455

2.2 Helmholtz equation

Here we consider Helmholtz equation —Au — k?u = 0 with wave number « > 0. The

outgoing Green kernel is given here by ¥.(x) := exp(ux|z|)/(4m|x|). Define the spherical
Bessel functions ji(z) = \/7/(22)Jj41/2(2) and the spherical Hankel functions hl(l)(z) =

77/(2z)Hl(i)1/2(z) like in §10.47 of [1]. The single layer and double layer potentials admit

explicit expressions in terms of the spherical harmonics. On the one hand

. m( T
tap? b (5pa) ji (k|2 Y] <H) for [a] < p.
+f“<’p*]l(’€p*) 1 (Ii|:]3|) l |m| or ‘$| > Px
and
. ! m( T
—u?02 il b (rpu) Y] (m) for |a| < p.
DL(Y]")(z) =

E

—?p2 D (ke ) Vi () o [2] > pu.

|z



The boundary integral operators are given by

/ Y7 {1} SLOY[)do = -+ ji(rp )b (sps),
I

/

¥ DL = <ok ip Y ()

’

2
—m m K . .
/F Y (o ISLOY ) do = 0 pt (G (rpohy (k) + i) b () )

/

2
—m m K . .
¥ oDV = <15k Gt () + s Y ()

2.3 Modified Helmholtz equation

Here we consider Helmholtz equation —Awu + x?u = 0 with wave number £ > 0. The outgoing
Green kernel is given here by %.(x) := exp(—uwx|xz|)/(4m|x|). Define the modified spheri-
cal Bessel functions i;(2) := /m/(22)];41/2(2) and the modified spherical Hankel functions
ki(z) := \/7/(22) K141 )2(2) like in §10.47 of [1]. The single layer and double layer potentials
admit explicit expressions in terms of the spherical harmonics. On the one hand

2
2L buslain(sp) Y7 (15) for fol <.
SLOTI@ =], :
+—= kl(mp*)il(nlzv\)Yf%—) for || > ps.
™ ||
and g2,
2P kl(m|x\)i2(/€p*)Ylm (%) for |x| < ps
DLOTI@ =] 57 :
=~ in(sla) I (1) for 2] > o

The boundary integral operators are given by

<m m 20}
Y, {w}SL(Y;")do = + - ir(kpx) ki (Kp+),
T

Evalld m 2/§3pi ./ !
FYl {1 }DL(Y[")do = — . ir(kpx) Ky (Kps),

I€2 4
[ X GISLOVT ) =+ (s o) + iepo K ) ).

2
5m m K
/FYI {’YD}DL(YZ Ydo = — P

(S

L (i papa) + (o) (s ).

Notice that we can check the previous relations formally, using the relation obtained for the
Helmholtz equation with the transformation x — x, and the following relations for z € R
(see Formula 10.47.7 and 10.47.9 in [1] and formulas in section 1.3):

ki(z) = —gilhl(l)(m)

i(x) =17 ()



3 Analytic solutions to Maxwell’s equations

In the present section we use once again the notations of Section 2, in particular concerning
spherical coordinates and spherical harmonics. We need to introduce vector counterpart to
spherical harmonics. Considering the Y™ = Y7"()) as functions on the unit sphere 9 € S C
R3, we set

1 1
X =——=VgeY" ,and, X, =-——ng x VgY"
’ I(1+1) ’ I(1+1)

where ng2 refers to the unit normal vector on the unit sphere directed toward the exterior of
the unit ball. The set {Xlim} yields an orthonormal basis of the space os square integrable

tangential vector fields over S2.

We only yield explicit expressions for the operators Electric Field Integral Equation (EFIE)
and Magnetic Field Integral Equation (MFIE). In a general geometrical setting, these are
defined by the following variationnal forms

(EFIE;(u),v) := FXF%{(QU —y)(u(x) v(y) - x~2divru(z)divro(y) Ydo(x,y)

(MFIE, (1), v) = /F (VI ) (o(y) x u(a)) dr(z.y)

() = exp(unlx|)/ (47 x])
In the case I' = S? we have:
(BFIE(X},,), X750 = (/) (i) + k() )( i () + s () )
(BFIE(X[,,), X[} = (/%) (k)hf" (x)

(MFIE, (X}, ), X,,,) = (MFIE,(X; ), X}, )
= —ali(5) (" () + 60 (1)) + BV () Gin () + 3] (1))
(EFIE,(X},), X[,,) = (EFIE.(X; ), X} ) =0

(MFIE, (X}, X},) = (MFIE.(X; ), X;,,,) =0
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